
           
 

 

 

 

  
  

  

  

         

• Our new formulation gives rise to a 

symmetric, positive-definite

interaction matrix.

• Its construction is refinement-free: 

no need of dual functions defined 

on the barycentric refinement of the 

mesh.

• The key idea: 

and

are second-kind integral 

operators, of  pseudo-dif-

ferential order 0, hence

they are well-conditioned.

            

   

   

   

              

                     

                     

           
 

   

   

   

   

    
              

                     

                     

• Under the quasi-static approximation, the problem is modeled by Poisson’s equation,

characterizing a purely resistive model of the head: ∇ ⋅ 𝜎 ∇𝑉 = ∇ ⋅ 𝒋.
• To recast this differential equation into a boundary integral equation, we model the

biological tissues of the head, such as the brain, the skull and the scalp, as nested sets

and assume homogeneous conductivity inside each. Moreover, we impose the

continuity of the potential and of the current across the boundaries of these subdomains.

We obtain the symmetric formulation:

• Its discretization by means of the standard Boundary Element Method (BEM) leads to a

system of linear equations affected by two sources of ill-conditioning

Addressed research questions/problems

1. Dense-discretization breakdown

𝑵𝒊𝒊: order 1

𝑶( Τ𝟏 𝒉)
𝑺𝒊𝒊: order -1

𝑶(𝒉)

2. High-contrast breakdown

𝒄𝒐𝒏𝒅 𝒁 = 𝑶( Τ𝟏 𝒉𝟐)

𝑶(𝑪𝑹)

𝑵𝟏𝟏 part𝑺𝟏𝟏 part

𝐜𝐨𝐧𝐝 𝒁 = 𝑶(𝑪𝑹)

𝒋 𝑽

In the brain

𝐶𝑅 ∈ [15, 80]
𝑐𝑜𝑛𝑑 𝑍 , given by the ratio between max. and

min. singular values of 𝑍, is the key parameter

for evaluating the stability of the problem
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Novel contributionsResearch context and motivation
• High resolution Electroencephalography (HR-EEG) is a non-invasive, functional

neuroimaging technique: it allows to determine position, strength and direction of the

neural sources starting from the measure of the potential distribution at the scalp. HR-EEG

is nowadays commonly used for the pre-surgical epileptogenic source localization in

patients affected by focal epilepsy. Given the criticality of the applications, the source

localization algorithms should provide accurate and reliable results in short time.

• EEG neuroimaging aims at solving an inverse problem (i.e. the identification of the

neural sources from the measured scalp potential). It is commonly tackled by the iterative

solution of the forward EEG problem (i.e. finding the scalp potential given a known

source current inside the brain). Therefore, the accuracy and the resolution time of the

forward problem affect the ones of the inverse problem. This work consists in the

stabilization of a well-known integral formulation for the solution of the forward problem.

Adopted methodologies
1. Theoretical analysis: the proposed preconditioning is based on pseudo-differential

operator theory. Therefore, the theoretical proof of its good conditioning is based on

the spectral analysis of each block, with the aim of determining its pseudo-differential

order. Then, the analytic evaluation of the eigenvalues of the principal part of the

formulation, independent of both mesh refinement and high contrast, ensures the

asymptotic boundness of the condition number of the entire formulation, away from

singularities.

2. Numerical verification: the stability of the formulation has also been shown

numerically, on both canonical and realistic head models.

Future work
• Acceleration of the numerical solution of the preconditioned system by means of fast

solvers, such as the Adaptive Cross Approximation (ACA).

• Extension of the formulation to include realistic features of the brain models, such as

anisotropy and neuronal fibers self-interactions.
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Our new well-conditioned

symmetric formulation

Increase of the number 

of iterations (or matrix-

vector products) to 

solve the system 

iteratively.
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